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Abstract
It has been known that in the presence of a scalar hair there would be a distinct additional
contribution to the first law of black hole thermodynamics. While it has been checked in many
examples, a deeper understanding of this is necessary. The thermodynamics of AdS black
holes in Einstein-scalar gravity is studied by using the standard holographic renormalization
procedure and the variation of the Hamiltonian via the Wald formalism. It is found that
the first law requires a modification by including an additional term that has a particular
form ∼ 〈O〉 δφs, with φs and 〈O〉 a new pair of thermodynamic conjugate variables. φs is the
leading source term of the asymptotic fall-off of the scalar field near the AdS boundary, and
〈O〉 is precisely the response of the dual scalar operator from the holographic point of view.
Some hairy black holes are constructed explicitly to check the first law of thermodynamics as
well as the thermodynamic relations.
∗liliphy@itp.ac.cn
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1 Introduction
The discovery of the thermodynamics of black holes has revealed a deep and fundamental rela-
tionship among gravitation, thermodynamics and quantum theory. It was achieved primarily by
using classical and semiclassical analysis and has been given rise to most of our present physical
understandings into the nature of quantum phenomena in the strong gravity regime [1, 2]. Over
a long period in the past, it was established that black holes are uniquely specified by asymptotic
charges, because of a number of black hole theorems. Nevertheless, more recently, motivations
from higher dimensions, string theory and holography have lead to considerations that violate
many of the assumptions of these black hole theorems. Many new black hole solutions have been
constructed and investigated, and the physics of black holes becomes more abundant than previ-
ously believed [3, 4]. One of the simplest and most interesting cases is black holes with a scalar
field, and there are increasing number of black hole solutions with non-trivial scalar hair in the
literature. Despite recent progress, the subject of scalar hair and its contribution to the first law
of black hole thermodynamics remain to be elucidated.
It have been shown [5, 6] that the naively-expected first law of thermodynamics dE = TdS for
the Einstein-scalar black holes does not hold, where E is the energy or mass of a black hole, and
T and S are the Hawking temperature and the Bekenstein-Hawking entropy, respectively. More
precisely, for the (d+1)-dimensional Einstein-scalar gravity
S =
1
2κ2N
∫
dd+1x
√−g
[
R− 1
2
∇µφ∇µφ− V (φ)
]
, (1)
the first law of AdS black holes should be modified with the full differential dE being shifted by
a 1-form:
Z ≡ −XdY = c1φvdφs − c2φsdφv , (2)
where φs and φv are two coefficients of the asymptotic fall-off of the scalar field near the AdS
boundary. The first law then becomes
dE = TdS +XdY = TdS − (c1φvdφs − c2φsdφv) . (3)
The two constants c1 and c2 depend on the spacetime dimension and the mass of the scalar field.
In particular, c2 6= −c1, and therefore the contribution (2) is not integrable. While it has been
argued that X and Y describe the potential and charge of the scalar hair that breaks some of the
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asymptotic AdS symmetries [7], the physical meaning of X and Y is unclear. 1 As the Einstein-
scalar gravity is the simplest case in a variety of gravity and supergravity theories, and has wide
applications in many fields, it would be of great interest to have a further understanding on the
first law of black holes with non-trivial scalar hair and the physical meaning of the new pair of
variables X and Y . In particular, in many studies of holographic QCD the black holes with scalar
hair were constructed to mimic QCD phenomenology in strongly coupled regime, for which some
physical observables were obtained by using the traditional first law of black holes together with
some thermodynamic relations, see e.g. [8, 9, 10, 11, 12]. 2 However, if the first law needs be
modified in the presence of the scalar hair by the form (3), one must take the new modification (2)
into consideration when discussing the equation of state and other thermodynamic properties.
In the present paper, we investigate the thermodynamics of the AdS black holes in Einstein
gravity coupled to a scalar field described by the action (1). We adopt the standard holographic
renormalization procedure [13] to define thermodynamic variables, such as energy, pressure and
free energy. Then we use the Wald formalism [14, 15] to derive the first law of black hole thermo-
dynamics. We show how the scalar hair contributes non-trivially to the the first law of thermody-
namics. In contrast to (3), we shall find that the contribution from scalar hair has a particularly
simple and instructive form, from which we are able to give a clear physical interpretation for both
X and Y . We also construct the hairy black holes explicitly to demonstrate their existence and
to numerically check the resulted thermodynamic relations. Finally, a general argument is given
for the form of scalar hair contribution to the first law of thermodynamics.
2 Setup and Background
We are interested in the thermodynamics of the (d+1)-dimensional asymptotically AdS black holes
in Einstein-scalar theory (1). We consider the planar black holes with the ansatz given by
ds2 = −f(r)e−η(r)dt2 + dr
2
f(r)
+ r2d~x2d−1, φ = φ(r) , (4)
for which the location of the event horizon is at r = rh where f(rh) = 0. We take the geometry
at the black hole boundary r → ∞ to be AdSd+1. Although we focus on the case with planar
symmetry in the present study, our discussion below should apply to black holes with spherical
and hyperbolic horizon geometries.
Near the AdS boundary, one has f(r → ∞) = r2/L2, with L the AdS curvature scale, and
η(r → ∞) = 0. 3 Without loss of generality, near the AdS boundary we parameterize the scalar
potential as follows
V (φ) = −d(d− 1)
L2
− 1
2
m2φ2 +O(φ3) , (5)
where we have chosen φ→ 0 at the black hole boundary for convenience, and the parameter m2 is
the mass of the scalar field. Then the asymptotic expansion for the scalar near the AdS boundary
is schematically given by
φ(r) =
φs
rd−∆
(1 + . . . ) +
φv
r∆
(1 + . . . ) , (6)
where ∆ = (d +
√
d2 + 4m2L2)/2, and φs and φv are two constants. In order to allow the most
general solutions with two non-trivia parameters φs and φv, we have considered the case where the
mass-squared of the scalar field is negative, but above the Breitenlohner-Freedman (BF) bound
1Y was considered as the scalar charge in [7], but no conserved current associated with this charge has been
known so far.
2For example, the pressure or free energy is computed directly by integrating the first law of thermodynamics,
while keeping all sources fixed.
3In general one only needs η to approach a constant near the AdS boundary. But it should not be thought of as
a free parameter, as it can be absorbed into a rescaling of the time coordinate. We choose η(r →∞) = 0 such that
the asymptotic AdS metric has a canonically normalized time coordinate, i.e. we are interested in the boundary
system with respect to the metric ds2 = −dt2 + d~x2d−1.
3
m2BF = − d
2
4L2 , i.e. m
2
BF < m
2 < 0. 4 Following the spirit of holography, we call the leading term
φs as the source.
5 In the rest of our discussion, without loss of generality, we shall work with
L = 1 for simplicity by fixing in such a way the length unit.
The equations of motion that follow from the action (1) are:
∇µ∇µφ− ∂φV = 0, (7)
Rµν − 1
2
Rgµν = 1
2
∂µφ∂νφ+
1
2
(
−1
2
∇µφ∇µφ− V
)
gµν . (8)
Substituting the ansatz (4) into the above equations of motion, we obtain the following equations
of motion:
φ′′ +
(
f ′
f
− η
′
2
+
d− 1
r
)
φ′ − 1
f
∂φV =0 ,
η′
r
+
1
d− 1φ
′2 =0 ,
2
r
f ′
f
− η
′
r
+
2
d− 1
V
f
+
2(d− 2)
r2
=0 ,
f ′′
f
− η′′ + 1
2
η′2 + φ′2 +
(
d− 3
r
− 3
2
η′
)
f ′
f
− 2(d− 2)
r2
=0 ,
(9)
where only two of the last three equations are independent. The temperature and entropy density
associated with the above background are given by
T =
1
4pi
f ′(rh)e−η(rh)/2, s =
2pi
κ2N
rd−1h , (10)
respectively.
Making use of (9), we can obtain a radial conserved quantity
Q = rd+1eη/2
(
f
r2
e−η
)′
, (11)
which connects horizon to boundary data. Evaluating (11) at the horizon r = rh and using (10),
one finds
Q = 2κ2N Ts . (12)
Therefore, Q = 0 signals extremity. As a consequence, for the Einstein-scalar theory the ex-
tremality condition implies f(r)r2 e
−η(r) is a constant, and thus extremal geometries are relativistic
independently of which potential V (φ) one chooses [19]. The extremal geometry is described by a
metric of the form
ds2 =
dr2
f(r)
+ r2(−dt2 + d~x2d−1) , (13)
where for convenience we have set f(r)r2 e
−η(r) = 1. In order to compute Q at the AdS boundary
r → ∞, one needs to know the boundary asymptotics for the bulk fields f and η, which depend
on the details of the theory one considers.
4There is a special case saturating the BF bound with m2 = − d2
4L2
, for which the scalar asymptotics behaves
different from (6). This case does not change our discussion below and a concrete example is presented in the
appendix.
5For the mass range slightly above the BF bound, − d2
4
< m2L2 < 1 − d2
4
, the two falloffs of (6) are both
normalizable and either one can be considered as a source, corresponding to two different dual field theories [16].
We will only consider standard quantization for the scalar field throughout the manuscript. See e.g. [17, 18] for the
discussion of other possible boundary conditions.
4
3 Wald Formula
Our next step is to consider the first law of thermodynamics for our Einstein-scalar black holes (4).
We will adopt the general procedure developed by Wald [14]. In Wald’s procedure, one considers
the variation of the parameters in a (d+1) dimensional solution, and constructs a closed (d-1)-form
δQ−iξΘ with ξ a Killing vector. To make contact with the first law of black hole thermodynamics,
we take ξ = ∂/∂t, i.e. the time-like Killing vector that is null on the horizon. Then one introduces
the integral
δH =
∫
Σ(d−1)
(δQ− iξΘ) , (14)
over any (d-1)-dimensional surface Σ(d−1) at constant t and r. It has been shown by [14] that the
variation of the Hamiltonian δH is independent of r.
For our present case (4) of the Einstein-scalar theory, we follow the derivation presented in [5, 6]
and obtain that
Q =
1
2κ2N
rd−1(fe−η)′eη/2 dx1 ∧ dx2 ∧ · · · ∧ dxd−1 ,
iξΘ =
1
2κ2N
rd−1
[
δ((fe−η)′eη/2) +
d− 1
r
e−η/2δf + fe−η/2φ′δφ
]
dx1 ∧ dx2 ∧ · · · ∧ dxd−1 .
(15)
Then δH at radius r is given by
δH = − Σ
2κ2N
rd−1e−η/2
[
d− 1
r
δf + fφ′δφ
]
, (16)
with Σ the spatial volume of the (d-1)-plane. Since δH is a radially conserved quantity, it can be
evaluated at any position. Near the horizon at r = rh, we have
f(r) = f ′(rh)(r− rh) +O(r− rh)2, η(r) = η(rh) +O(r− rh), φ(r) = φ(rh) +O(r− rh) . (17)
Thus δf |r=rh = −δrhf ′(rh), and we obtain
δHh
Σ
=
1
2κ2N
e−η(rh)/2f ′(rh)(d− 1)rd−2h δrh = Tδs , (18)
where we have used δs = δ( 2pi
κ2N
rd−1h ) =
2pi
κ2N
(d− 1)rd−2h δrh.
In order to evaluate (16) at the boundary, one should know the boundary asymptotics for three
bulk fields f , η and φ. The expansions near the black hole boundary depend on the precise form of
V (φ). For a given potential V (φ), one can in principle obtain the full asymptotic form by taking
appropriate large-r expansions for f , η and φ, inserting them into the equations of motion (9),
and solving for the coefficients in the expansions up to some desired order. In practice, it is in
general difficult to make the appropriate expansions due to the backreaction of the scalar to the
metric. In certain cases, there is logarithmic r dependence in the asymptotic expansions for the
metric and scalar fields.
Furthermore, we also need to obtain the mass of the Einstein-scalar black holes, for which
we use the standard holographic techniques. More precisely, we calculate the renormalized stress
tensor Tµν for the dual boundary theory and the mass is obtain from the tt component of the
holographic stress tensor, i.e. E = Ttt. In order to do that, we should add appropriate boundary
terms and counterterms to the bulk action to remove divergences in the holographic stress tensor,
which also depends on the non-linear detail of the coupling V (φ). To avoid above complications,
our strategy is to consider some representative “benchmark” models in this work. We will find
the precise form of boundary asymptotics and will examine the thermodynamics of the black hole
solutions via the holographic renormalization.
5
4 Five Dimensional Case
For the five dimensional case, we consider the following class of potentials:
V (φ) = (6γ2 − 3
2
)φ2 − 12 cosh[γφ] . (19)
with γ a constant. Near the AdS boundary where φ→ 0, one has
V (φ) = −12− 3
2
φ2 +O(φ4) . (20)
Therefore, the the cosmological constant is given by Λ = −6/L2 with the AdS radius L = 1 and
∆ = 3 of (6).
Using the equations of motion (9), the boundary asymptotics as r → ∞ for the bulk fields
f(r), η(r) and φ(r) are found to be
φ(r) =
φs
r
+
φv
r3
− ln(r)
6r3
(1− 6γ4)φ3s +O(
ln(r)
r5
) ,
f(r) = r2
[
1 +
φ2s
6r2
+
fv
r4
− ln(r)
12r4
(1− 6γ4)φ4s +O(
ln(r)2
r6
)
]
,
η(r) = η0 +
φ2s
6r2
+
(1− 6γ4)φ4s + 72φsφv
144r4
− ln(r)
12r4
(1− 6γ4)φ4s +O(
ln(r)2
r6
) .
(21)
We point out that due to the non-trivial source φs, there are terms with ln(r) dependence in above
expansion. As we have pointed out, we will set η0 = 0 to fix the normalization of time.
4.1 Thermodynamic relation
To read off the physical observables via the holographic renormalization, we need to consider
appropriate boundary terms in the UV. For the present class of models with V given in (19), the
boundary terms are found to be
S∂ =
1
2κ2N
∫
r→∞
dx4
√−h
[
2K − 6− 1
2
φ2 − 6γ
4 − 1
12
φ4 ln(r)− b φ4
]
, (22)
where hµν is the induced metric at the AdS boundary and Kµν the extrinsic curvature defined by
the outward pointing normal vector to the boundary between nµ. The fist term of (22) is Gibbons-
Hawking term for a well-defined Dirichlet variational principle, and the three local covariant
surface counterterms in the middle are required to remove divergences. The last term is a finite
counterterm with b typically a constant free parameter, which defines a renormalization scheme.
As will be demonstrated below, most of the thermodynamic variables depend on the parameter
b. Note also that the coefficient of the logarithmic term depends on the model parameter γ.
According to the holographic dictionary, the holographic stress tensor is
Tµν =
1
2κ2N
lim
r→∞ r
2
[
2(Khµν −Kµν − 3hµν)−
(
1
2
φ2 +
6γ4 − 1
12
φ4 ln(r) + b φ4
)
hµν
]
, (23)
and the condensate for the dual scalar operator reads
〈O〉 = δ
δφs
(S + S∂)on−shell =
1
2κ2N
lim
r→∞
√−h
r
[
−nµ∇µφ− φ− 6γ
4 − 1
3
φ3 ln(r)− 4b φ3
]
. (24)
Inserting the boundary expansions of the bulk fields (21) into (23), we obtain the non-vanishing
components of stress tensor
2κ2NTtt = 2κ
2
NE = −3fv + φsφv +
1 + 48b
48
φ4s ,
2κ2N (Txx = Tyy = Tzz) = 2κ
2
NP = −fv + φsφv +
3− 48b− 8γ4
48
φ4s ,
(25)
6
where P is the pressure and E is the energy density which is also known as the mass density of
the black hole. 6 The trace of the stress tensor is given by
Tµµ = 2κ
2
N (3P − E) = 2φsφv +
1− 24b− 3γ4
6
φ4s . (26)
Note that there is a trace anomaly in the presence of the source term φs which breaks the conformal
symmetry. The expectation value of the dual scalar operator obtained from (24) reads
〈O〉 = 1
2κ2N
(
2φv +
1− 16b− 4γ4
4
φ3s
)
. (27)
It is clear that E , P and 〈O〉 depend on the parameter b of (22), corresponding to the renormal-
ization scheme.
We now compute the free energy density Ω which is identified as the temperature T times the
renormalized action in Euclidean signature. Since we consider a stationary problem, the Euclidean
action is related to the Minkowski one by a minus sign. Therefore, we have
− ΩΣ = T (S + S∂)on−shell , (28)
with Σ the spatial volume and t ∈ [0, 1/T ]. Employing the equations of motion, we find
Ω = lim
r→∞
1
2κ2N
[
2e−η/2r2f − e−η/2r3
√
f
(
2K − 6− 1
2
φ2 − 6γ
4 − 1
12
φ4 ln(r)− bφ4
)]
, (29)
Substituting the asymptotical expansion (21) into above expression, we obtain the free energy
Ω =
1
2κ2N
(
fv − φsφv − 3− 48b− 8γ
4
48
φ4s
)
. (30)
One immediately finds that the pressure reappears in the analysis as just minus the free energy,
i.e. P = −Ω, which is expected from thermodynamics. Furthermore, evaluating the conserved
quantity Q (11) at the AdS boundary, one obtains
Q = −4fv + 2φsφv + 1− 2γ
4
12
φ4s = 2κ
2
N (E + P ) , (31)
where we have used (25). So we manage to obtain the expected thermodynamic relation
Ω = E − T s = −P , (32)
for the class of potentials in (19), independent of the renormalization scheme one chooses.
4.2 First law of thermodynamics
We now consider the first law of thermodynamics for our Einstein-scalar black hole by considering
the Wald formula. In the present case with d = 4, we compute the radial conserved quantity
δH = − Σ
2κ2N
r3e−η/2
[
3
r
δf + fφ′δφ
]
, (33)
both at the horizon and the AdS boundary.
As we have already shown in (18), the horizon computation yields
δHh
Σ
=
1
2κ2N
e−η(rh)/2f ′(rh)3r2hδrh = Tδs . (34)
6In our discussion the boundary geometry possesses a time-like Killing vector ξµ = ( ∂
∂t
)µ. We define the energy
density of the dual field theory as E = Tµνξµξν , which is equal to the energy density of the black hole via the
AdS/CFT correspondence. Instead of energy E and entropy S of (3), we use energy density E and entropy density
s in the planar black hole case (4).
7
0.5 1 2 5
0
10
20
30
40
ϕs
〈〉
0.1 0.5 1 5 10 50
0.2
0.3
0.4
0.5
s
T
Figure 1: Test the first law of thermodynamics dE = Tds− 〈O〉 dφs for the five dimensional hairy
black hole solutions with the potential (19). Left: Fix the entropy density s = 4pi. The solid
purple curve is obtained via the first law 〈O〉 = −
(
∂E
∂φs
)
s
, while the blue dots are read off directly
from the AdS boundary (27). The behavior of 〈O〉 depends on the parameter b for which we take
b = 0.05 as an example. Right: Fix the source φs = 1. The solid red curve is obtained by the
first law T =
(
∂E
∂s
)
φs
, and the green dots are from the horizon data by using (10). The agreement
is excellent. We have fixed 2κ2N = 1 and chosen γ = 0.7.
Substituting the UV expansion (21) into (33) and evaluating it at infinity, we obtain
δH∞
Σ
=
1
2κ2N
[
−3δfv + φsδφv + (1− 3γ
4)φ3s + 3φv
3
δφs
]
= δE + 1
2κ2N
(
2φv +
1− 16b− 4γ4
4
φ3s
)
δφs = δE + 〈O〉 δφs ,
(35)
where the expressions for energy density (25) and condensate (27) have been used in the second
and third equalities, respectively. Therefore, we have the following first law of thermodynamics
dE = Tds− 〈O〉 dφs , (36)
and in terms of free energy (32) we have
dΩ = −sdT − 〈O〉 dφs . (37)
Although the boundary behaviors of bulk fields are sensitive to the model parameter γ and the
thermodynamic quantities, such as E and 〈O〉, depend on the choice of parameter b in the boundary
counterterms, the first law of thermodynamics can be written as above simple and compact form.
To check the first law of thermodynamics, we construct the hairy black holes by solving the
equations of motion (9) numerically for the potentials (19) with d = 4. We can then read off
(φs, 〈O〉 , E , P ) from the black hole boundary (21), and obtain (T, s) from the horizon data via (10).
The presence of logarithmic terms in (21) poses some technical complications on extracting physical
data. In practice, we fit the numerical solutions close to the AdS boundary using ultraviolet
asymptotics (21) and obtain (φs, φv, fv) which are required to calculate most of the physical
quantities. According to the first law (36), one should have 〈O〉 = −
(
∂E
∂φs
)
s
with the entropy
density s fixed and T =
(
∂E
∂s
)
φs
with the source φs fixed. In figure 1, we compare 〈O〉 and T
extracted from the boundary data and the first law of thermodynamics (36). The results from
both ways match with each other perfectly. We also check the thermodynamic relation (32), which
is found to be satisfied with high numerical accuracy.
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5 Four Dimensional Case
In this section we consider a family of models in four dimensions. The potential reads
V (φ) = −6− 4
δ2
sinh
[
δφ
2
]2
, (38)
with δ a free parameter.7 Near the AdS boundary where φ→ 0, one has
V (φ) = −6− φ2 +O(φ4) , (39)
from which one obtains the cosmological constant Λ = −3 and the parameter ∆ = 2 of (6). The
asymptotics for the three bulk fields f(r), η(r) and φ(r) near black hole boundary are given by
φ(r) =
φs
r
+
φv
r2
− (3− 4δ
2)φ3s
24 r3
+O( 1
r4
) ,
f(r) = r2
[
1 +
φ2s
4 r2
+
fv
r3
+O( 1
r4
)
]
,
η(r) =
φ2s
4 r2
+
2φsφv
3 r3
+O( 1
r4
) ,
(40)
where we have set η(r → ∞) = 0 to fix the normalization of time. In contrast to the five
dimensional case, there are no logarithmic terms in above expansions due to the particular form
of potential in (38).
5.1 Thermodynamic relation
Following the holographic renormalization procedure, we introduce the counterterm action for the
class of potentials (38)
S∂ =
1
2κ2N
∫
r→∞
dx3
√−h
[
2K − 4− 1
2
φ2 − c φ3
]
, (41)
where the first one is Gibbons-Hawking boundary term for a well-defined Dirichlet variational
principle and the following two terms for removing divergence. The last term of (41) is a fi-
nite counterterm with c a constant, corresponding to the freedom to choose the counterterms in
holographic renormalization. Then we obtain the holographic stress tensor
Tµν =
1
2κ2N
lim
r→∞ r
[
2(Khµν −Kµν − 2hµν)−
(
1
2
φ2 + c φ3
)
hµν
]
, (42)
and the condensate for the dual scalar operator reads
〈O〉 = δ
δφs
(S + S∂)on−shell =
1
2κ2N
lim
r→∞
√−h
r
[−nµ∇µφ− φ− 3c φ2] . (43)
By substituting the expansions (40) into (42), we obtain the stress tensor
2κ2NTtt = 2κ
2
NE = −2fv + φsφv + cφ3s ,
2κ2N (Txx = Tyy = Tzz) = 2κ
2
NP = −fv + φsφv − cφ3s ,
(44)
where P is the pressure and E is the energy (mass) density. Due to the presence of the source
term φs, the stress tensor also has a non-vanishing trace
2κ2N (2P − E) = φsφv − 3cφ3s . (45)
7This particular form of scalar potential was introduced in [20]. It allows the near boundary expansion that is
consistent without the logarithmic terms.
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The expectation value of the dual scalar operator obtained from (43) reads
〈O〉 = 1
2κ2N
(
φv − 3cφ2s
)
. (46)
Similar to the five dimensional case, we can obtain the free energy
Ω =
1
2κ2N
(fv − φsφv + cφ3s) = −P . (47)
Evaluating the conserved quantity Q (11) at the AdS boundary, one obtains
Q = −3fv + 2φsφv = 2κ2N (E + P ) , (48)
where we have used (44). Therefore, we manage to obtain the expected thermodynamic relation
Ω = E − T s = −P . (49)
for the four dimensional hairy black holes.
5.2 First law of thermodynamics
We now consider the first law of thermodynamics by using the Wald formula developed in Section 3.
For the present case with d = 3, we compute the radial conserved quantity δH (16) at the AdS
boundary and obtain that
δH∞
Σ
= − 1
2κ2N
lim
r→∞ r
2e−η/2
[
2
r
δf + fφ′δφ
]
=
1
2κ2N
[−2δfv + φsδφv + 2φvδφs] . (50)
Note that the variation of the energy density is given from (44) that
δE = 1
2κ2N
[−2δfv + φsδφv + (φv + 3cφ2s)δφs] . (51)
Then we find
δH∞
Σ
= δE + 1
2κ2N
(
φv − 3cφ3s
)
δφs = δE + 〈O〉 δφs , (52)
where the last equation is obtained by using the expression for the condensate (46). Therefore,
we have the following first law of thermodynamics
dE = Tds− 〈O〉 dφs , (53)
and in terms of free energy we have
dΩ = −sdT − 〈O〉 dφs . (54)
Although E and 〈O〉 depend on the parameter c in the boundary counterterms (38), the final form
of the first law of thermodynamics is independent of c.
In order to further check our discussion, we construct the four dimensional hairy black holes
numerically for the potentials (38), and read off thermodynamic quantities (φs, φv, 〈O〉 , E , T, s)
from boundary data via (10), (44) and (46). The thermodynamic relation (49) is found to be
satisfied with very high numerical accuracy. In figure 2 we show the observables extracted from
the first law of thermodynamics (53), including 〈O〉 = −
(
∂E
∂φs
)
s
(left panel) and T =
(
∂E
∂s
)
φs
(right panel). Both exactly agree with the ones obtained from boundary data directly.
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Figure 2: Check the first law of thermodynamics dE = Tds − 〈O〉 dφs for the four dimensional
hairy black hole solutions with the potential (38). Left: Fix the entropy density s = 4pi. The
solid purple curve is obtained via the first law 〈O〉 = −
(
∂E
∂φs
)
s
, while the blue dots are extracted
from the boundary data (46). The behavior of 〈O〉 depends on the parameter c for which we take
c = 0.1 as an example. Right: Fix the source φs = 1. The solid red curve is obtained by the
first law T =
(
∂E
∂s
)
φs
, and the green dots are read off from the horizon data by using (10). The
agreement is manifest. We have fixed 2κ2N = 1 and chosen δ = 0.5.
6 Discussion
We have examined the thermodynamics for black holes with non-trivial scalar hair in Einstein
gravity coupled to a scalar field in asymptotically AdS spacetime. We defined the energy or
mass of the hairy black hole from the holographic stress tensor via the standard holographic
renormalization. Although the explicit expressions for thermodynamic variables, such as E and
P , depend on the details of a model one considers, we have shown that the thermodynamic
relation and the first law of thermodynamics can be written as the model-independent language
already advocated in terms of thermodynamic quantities, see e.g. (32) and (36). More precisely,
by incorporating the Wald formalism, we have found that the first law of thermodynamics is
modified with a novel contribution from the scalar hair. One recovers the traditional first law of
thermodynamics dE = Tds by restricting on the family of solutions with the source φs fixed, i.e.
dφs = 0. We have checked numerically the new form of first law and thermodynamic relations
for two families of models in five and four dimensions. 8 The special case that saturates the BF
bound was also examined in the appendix.
The new form of the first law of thermodynamics (36) seems quite natural from the holographic
point of view. Identifying the leading term φs of the scalar φ in the boundary expansion (6) as
the source, we introduce its conjugate 〈O〉 using the GKPW formula [26, 27]
〈O〉 = δ
δφs
(S + S∂)on−shell . (55)
On the other hand, for a stationary background geometry, the renormalized on-shell action (S +
S∂)on−shell is closely related to the free energy via (28). Therefore, we immediately obtain
〈O〉 ≡ δ
δφs
(S + S∂)on−shell = − ∂Ω
∂φs
= − ∂E
∂φs
, (56)
where we have used E = Ω−Ts in the last equality. Thus, it is reasonable to consider φs and 〈O〉
as a pair of thermodynamic conjugate variables in the first law.
8Although a scalar is the simplest field in any field theory, it is still difficult to obtain analytic scalar black
hole solutions with general coefficients φs and φv of (6). There have been some analytic hairy black holes, see
e.g. [21, 22, 23, 24, 25], but these are very special solutions for which the first law of thermodynamics does not
contain any contribution from the scalar hair.
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It has been known that in the presence of a scalar hair there should be a non-trivial contribution
to the first law of thermodynamics (2). While this result has been checked in many examples [5,
6, 7], a deeper and broader physical understanding is needed for this new correction. Using the
standard holographic dictionary, our analysis suggests that such contribution has a particular
form δE = −〈O〉 δφs where 〈O〉 is the conjugate of φs in terms of the renormalized on-shell action
and is precisely the response of the dual operator in the presence of the source φs. Comparing
our result dE = Tds − 〈O〉 dφs with (3), we can give a clear physical interpretation on the pair
of thermodynamic variables (X,Y ): Y is the source term of the scalar hair and X the response
of the scalar from holographic point of view. In particular, for the branch of solutions with the
source Y ≡ φs fixed, which is the typical situation for holographic applications, such additional
contribution to the first law vanishes.
We point out that there is some subtlety on the definition of mass for asymptotically AdS black
holes. In the present work we have defined the mass using standard holographic techniques. Apart
from the holographic mass, other definitions include ADM mass [28, 29], Komar mass [30, 31],
Hamiltonian mass [7, 32] and so on. A through study on the role of different definitions of mass in
the first law of thermodynamics is interesting but beyond the scope of this manuscript. Although
we did not consider all possible models, our discussion suffices to illustrate the key feature we
uncover. It should be helpful to examine other cases of potential with a different scalar mass. In
the present study we focused on the neutral case, but our discussion can be easily extended to the
charged case by adding a U(1) gauge field. It would also apply to other kinds of matter content,
such as massive vector and p-from fields, by incorporating the Wald formalism and the holographic
renormalization. While we have demonstrated the first law of thermodynamic for homogeneous
black holes, it will be interesting to consider black holes that break translational invariance, in
particular, for the case with an inhomogeneous background geometry.
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A Scalar Mass Saturating the BF Bound
There is a special case for which the scalar mass m2 saturates the BF bound. It is interesting
and necessary to check if our discussion about the first law of thermodynamics is valid for this
particular situation. As a concrete example, we consider the potential that appears in gauged
supergravity in five dimensions [33]:
V (φ) = −4(e− 2√6φ + 2e 1√6φ) . (57)
Near the AdS boundary where φ→ 0, one has
V (φ) = −12− 2φ2 +O(φ3) , (58)
which corresponds to the cosmological constant Λ = −6 and the scalar mass m2 = m2BF = −4.
The boundary asymptotics as r →∞ for the bulk fields f(r), η(r) and φ(r) are given by
φ(r) =
φs ln(r)
r2
+
φv
r2
+
ln(r)2
2
√
6r4
φ2s +
ln(r)√
6r4
φs(φs + φv) +
3φ2s + 4φsφv + 2φ
2
v
4
√
6r4
+O( ln(r)
2
r6
) ,
f(r) = r2
[
1 +
ln(r)2
3r4
φ2s −
ln(r)
6r4
φs(φs − 4φv) + fv
r4
+O( ln(r)
3
r6
)
]
,
η(r) = η0 +
ln(r)2
3r4
φ2s −
ln(r)
6r4
φs(φs − 4φv) + φ
2
s − 4φsφv + 8φ2v
24r4
+O( ln(r)
3
r6
) .
(59)
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Note that there are complicated logarithmic terms in the presence of non-trivial source φs. We
will set η0 = 0 to fix the normalization of time.
To obtain the physical observables via the holographic renormalization procedure, we need to
add appropriate boundary terms at the AdS boundary. For the potential V in (57), the boundary
terms are given by
S∂ =
1
2κ2N
∫
r→∞
dx4
√−h
[
2K − 6−
(
1− 1
2 ln(r)
+
a
ln(r)2
)
φ2
]
, (60)
where a is a free parameter which defines a renormalization scheme. Then we obtain the holo-
graphic stress tensor
Tµν =
1
2κ2N
lim
r→∞ r
2
[
2(Khµν −Kµν − 3hµν)−
(
1− 1
2 ln(r)
+
a
ln(r)2
)
φ2hµν
]
, (61)
and the condensate for the scalar operator
〈O〉 = δ
δφs
(S + S∂)on−shell =
1
2κ2N
lim
r→∞
√−h ln(r)
r2
[
−nµ∇µφ− 2
(
1− 1
2 ln(r)
+
a
ln(r)2
)
φ
]
.
(62)
Inserting the boundary expansions (59) into (61), we obtain the energy density E and the pressure
P
2κ2NTtt = 2κ
2
NE = −3fv + aφ2s − φsφv + φ2v ,
2κ2N (Txx = Tyy = Tzz) = 2κ
2
NP = −fv −
6a− 1
6
φ2s +
1
3
φsφv +
1
3
φ2v .
(63)
The expectation value of the dual scalar operator obtained from (62) reads
〈O〉 = 1
2κ2N
(φv − 2aφs) . (64)
Employing the equations of motion (9) and using the asymptotical expansion (59), we obtain
the free energy
Ω =
1
2κ2N
lim
r→∞
[
2e−η/2r2f − e−η/2r3
√
f
(
2K − 6−
(
1− 1
2 ln(r)
+
a
ln(r)2
)
φ2
)]
,
=
1
2κ2N
(
fv +
6a− 1
6
φ2s −
1
3
φsφv − 1
3
φ2v
)
= −P ,
(65)
Evaluating the conserved quantity Q (11) at the AdS boundary, we can obtain
Q = −4fv + 1
6
(φ2s − 4φsφv + 8φ2v) = 2κ2N (E + P ) , (66)
So we manage to obtain the expected thermodynamic relation
Ω = E − T s = −P . (67)
We now consider the first law of thermodynamics for the potential (57). As we have already
shown, the horizon computation gives
δHh
Σ
=
1
2κ2N
e−η(rh)/2f ′(rh)3r2hδrh = Tδs , (68)
while evaluating at infinity yields
δH∞
Σ
=
1
2κ2N
[−3δfv − (φs − 2φv)δφv]
= δE + 1
2κ2N
(φv − 2aφs) δφs = δE + 〈O〉 δφs ,
(69)
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where we have used the expressions (63) and (64). Therefore, we have the same form of the first
law of thermodynamics
dE = Tds− 〈O〉 dφs , (70)
even for the scalar mass that saturates the BF bound. Note that the thermodynamic variables,
such as E and 〈O〉, depend on the parameter a appearing in the boundary counterterms, the first
law of thermodynamics has the same universal form.
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